Generalized composite fluxbrane solutions for a wide class of intersection rules are obtained. The solutions are defined on a manifold which contains a product of n Ricci-flat spaces M 1 × . . . × M n with 1-dimensional M 1 . They are defined up to a set of functions H s obeying non-linear differential equations equivalent to Toda-type equations with certain boundary conditions imposed. A conjecture on polynomial structure of governing functions H s for intersections related to semisimple Lie algebras is suggested. This conjecture is valid for Lie algebras: A m , C m+1 , m ≥ 1 . For simple Lie algebras the powers of polynomials coincide with the components of the dual Weyl vector in the basis of simple roots. Explicit formulas for A 1 ⊕ . . . ⊕ A 1 (orthogonal), "block-ortogonal" and A 2 solutions are obtained. Certain examples of solutions in D = 11 and D = 10 ( IIA ) supergravities (e.g. with A 2 intersection rules) and Kaluza-Klein dyonic A 2 flux tube, are considered. *PACS numbers: 0420J, 0450, 0470 1 ivas@rgs.phys.msu.su 1 Recently a lot of papers were devoted to multidimensional generalizations of the wellknown Melvin solution [1] (for exact solutions and their applications see [2]-[31] and references therein). We remind that the original Melvin solution describes the gravitational field of a magnetic flux tube. In the work of Gibbons and Maeda [2] the Melvin solution was generalized to arbitrary dimensions with the inclusion of dilaton, and hence the simplest fluxbranes appeared. (A term fluxbrane was suggested in [6] . The Melvin solution is currently denoted as F 1 .) In papers [3, 4, 5, 6] , devoted to Kaluza-Klein Melvin solution (e.g. non-perturbative instability and pair production of magnetically charged black holes) it was shown that F 1 -fluxbrane supported by potential 1 -form has a nice interpretation as a modding of flat space in one dimension higher. This "modding" technique is widely used in construction of new solutions in supergravitational models and also for various physical applications in string and M -theory: construction of exact string backgrounds [23, 27] , duality between 0A and IIA string theories [9], dielectric effect [13, 14, 16] , construction of supersymmetric configurations [17, 26] etc The "modding" technique may be also used for F p -fluxbranes supported by forms of higher ranks (constructed by use of 1 -forms). Another approach suggested in [7, 8] , which works for F p -fluxbranes, is based on generating techniques for certain duality groups. An important result here is a construction by Chen, Gal'tsov and Sharakin [8] of intersecting F 6 and F 3 fluxbranes corresponding to M -branes in D = 11 supergravity.
Introduction
,
with the following boundary conditions imposed:
s ∈ S , ( S is non-empty set). In (1.1) allB s = 0 are constants and (A ss ′ ) is a "quasi-Cartan" matrix ( A ss = 2 ) coinciding with the Cartan one when intersections are related to Lie algebras. In most interesting examples z 0 = +∞ and allB s > 0 . We remind that a slightly different equations occur for black brane solutions from [35, 36, 37] d dz
where µ > 0 is extremality parameter, z ∈ (0, (2µ) −1 ) and allB s = 0 , (in most interesting casesB s < 0 ). For black brane solutions the finite limits (on a horizon) H s ((2µ) −1 − 0) = H s0 > 0 exist. We note that fluxbrane "master equations" (1.1) may be obtained from the black brane ones (1.3) in the limit µ → ∞ . For different aspects of p-brane/fluxbrane correspondence see [15, 31] . In Sect. 4 we suggest a hypothesis: the solutions to eqs. (1.1), (1.2) are polynomials when intersection rules correspond to semisimple Lie algebras. This hypothesis (Conjecture ) may be proved for Lie algebras A m , C m+1 , m = 1, 2, . . . , along a line as it was done in [36, 37] for black brane solutions. It is also confirmed by special "blockorthogonal" fluxbrane solutions and explicit formulas for the solutions corresponding to Lie algebras A 1 ⊕ . . . ⊕ A 1 and A 2 . In Sect. 5 where g = g M N (x)dx M ⊗ dx N is a metric, ϕ = (ϕ α ) ∈ R l is a vector of scalar fields, (h αβ ) is a constant symmetric non-degenerate l × l matrix (l ∈ N) , θ a = ±1 ,
is a n a -form ( n a ≥ 1 ), λ a is a 1-form on R l : λ a (ϕ) = λ αa ϕ α , a ∈ △ , α = 1, . . . , l . In
3)
a ∈ △ . Here △ is some finite set.
"Cosmological-type" solutions
Let us consider a family of solutions to field equations corresponding to the action (2.1) and depending upon one variable u [42] . These solutions are defined on the manifold
where (u − , u + ) is an interval belonging to R . The solutions read [42] 
is the indicator of i belonging to I : δ iI = 1 for i ∈ I and δ iI = 0 otherwise. The p -brane set S is by definition where a s ∈ △ is colour index, v s = e, m is electro-magnetic index and the set I s ∈ Ω as,vs describes the location of p -brane worldvolume. The sets S e and S m define electric and magnetic p -branes correspondingly. In (2.6)
for s ∈ S e , S m respectively. In (2.7) forms All manifolds M i are assumed to be oriented and connected and the volume d i -forms
are well-defined for all i = 1, . . . , n . Here
(2.18) M(I s ) is isomorphic to p -brane worldvolume (see (2.10) ).
The parameters h s appearing in the solution satisfy the relations i.e. the matrix (B ss ′ ) is a non-degenerate one. In (2.12) another non-degenerate matrix (a so-called "quasi-Cartan" matrix) appears
Here some ordering in the set S is assumed. In (2.5), (2.6) f s = exp(−q s ), (2.24) where (q s ) = (q s (u)) is a solution to Toda-type equations 
is an integration constant (energy) for the solutions from (2.25).
Here we identify notations for g i andĝ i , whereĝ i = p * i g i is the pullback of the metric g i to the manifold M by the canonical projection:
n . An analogous agreement will be also kept for volume forms etc.
Due to (2.12) and (2.13), the dimension of p -brane worldvolume d(I s ) is defined by
for s ∈ S e , S m respectively. For a p -brane: p = p s = d(I s ) − 1 .
Restrictions on p -brane configurations.
The solutions presented above are valid if two restrictions on the sets of p -branes are satisfied. These restrictions guarantee the block-diagonal form of the energy-momentum tensor and the existence of the sigma-model representation (without additional constraints) [34, 33] . Let us denote w 1 ≡ {i|i ∈ {1, . . . , n}, d i = 1} , and n 1 = |w 1 | (i.e. n 1 is the number of 1-dimensional spaces among M i , i = 1, . . . , n ).
Restriction 1. For any a ∈ △ and v = e, m there are no I, J ∈ Ω a,v such that
Restriction 2.. For any a ∈ △ there are no I ∈ Ω a,e and J ∈ Ω a,m such that
Restriction 1 is satisfied for n 1 ≤ 1 and also in the non-composite case: |Ω a,e | + |Ω a,m | = 1 for all a ∈ △ . For n 1 ≥ 2 it forbids the following pairs of two electric or two magnetic p -branes, corresponding to the same form F a , a ∈ △ : Here d i = d j = 1 , i = j , i, j = 1, . . . , n . Restriction 1 may be also rewritten in terms of intersections
). Restriction 2 is satisfied for n 1 = 0 . For n 1 ≥ 1 it forbids the following electromagnetic pairs, corresponding to the same form F a , a ∈ △ : iJ I for I ∈ Ω a,e and J ∈ Ω a,m , a ∈ △ .
U s -vectors and scalar products
Here we remind a minisuperspace covariant form of constraints using so called U s -vectors [34] . The constraints (2.28) may be written in the following form
The quadratic constraint (2.30) reads
and
is the (truncated) target space metric with We note that the solution under consideration for the special case of the A m Toda chain was obtained earlier in [41] .
3
Generalized fluxbrane solutions
The choice of parameters
In what follows we put w = 1, d 1 = 1, (3.1)
i.e. the manifold M 1 is one-dimensional one and
i.e. all branes contain M 1 -submanifold. We note that Restriction 2 is satisfied automatically due to (3.2).
Here we restrict ourselves to solutions with linear asymptotics at infinity 
for all s ∈ S . In this case the energy (2.31) reads
5)
We putc A = 0,β s = 0.
(3.6) A = (i, α) , s ∈ S . (These relations guarantee the asymptotical flatness for u → +∞ of the 2 -dimensional section of the metric for M 1 = S 1 and g 1 = dφ ⊗ dφ ). We also put [36, 37, 33] which appear from the horizon condition. These relations play a key role in this paper. Their physical sence (possibly related to regularity of the metric at u → ∞ ) will be clarified in a separate publication. 
The main solution
where Another possibility
19)
−∞ < t < +∞ ( t is time variable), will lead us to generalized Milne-type solution (that may be also a subject of a separate publication). 
Fluxbrane intersection rules
(see (2.14) ). We note that here we use p -brane notations for description of flux p -branes or F pbranes. An electric (magnetic) p -brane corresponds to a magnetic (electric) F (D −3 −p) fluxbrane.
Polynomial structure of H s for Lie algebras
Now we deal with solutions to second order non-linear differential equations (3.16 ) that may be rewritten as follows In general one may try to seek solutions of (4.1) in a class of functions analytical in some disc |z| < L : with P s = 0 satisfying (4.4). (For A 1 -case see [12] ).
Block-orthogonal case
The solution (4.6) may be generalized to so-called "block-orthogonal" (BO) case:
7)
S i = ∅ , i.e. the set S is a union of k non-intersecting (non-empty) subsets S 1 , . . . , S k , and (U s , U s ′ ) = 0 (4.8)
for all s ∈ S i , s ′ ∈ S j , i = j ; i, j = 1, . . . , k . (For "block-orthogonal" black branes see [38, 39] .) In this case (4.6) is modified as follows
where β s are defined in (3.8) and parametersP s are coinciding inside blocks, i.e.P s =P s ′ for s, s ′ ∈ S i , i = 1, . . . , k , and satisfy the following relations where P (k) s are constants, k = 1, . . . , n s , integers n s are defined in (4.11) and P (ns)
This conjecture may be verified for Lie algebras A m , C m+1 repeating all arguments from [36, 37] with the replacement of F (z) = 1 − 2µz by F (z) = z .
Solutions for Lie algebra A 2
Let us consider the Lie algebra A 2 = sl(3) with the Cartan matrix
According to the Conjecture we seek the solutions to eqs. (4.1)-(4.2) in the following form ( n 1 = n 2 = 2 ):
where P s and P (2) s = 0 are constants, s = 1, 2 .
The substitution of (4.14) into equations (4.1) and decomposition in powers of z lead us to relations (4.4) and
Thus, in the A 2 -case the solution is described by relations (3.11)-(3.15) with S = {s 1 , s 2 } , p -brane intersection rules (2.43), or, equivalently, 
Solutions for algebra A 1
We start with single fluxbrane solutions ( S = {s} ).
Melvin solution ( F 1 fluxbrane)
Let D = 4 , n = 3 , M 2 = R with g 2 = −dt ⊗ dt and M 3 = R with g 3 = dη ⊗ dη , and I s = {1} . The solution reads [1] 
where
Here −Q is proportional to magnetic field in the core.
F 6 fluxbrane (corresponding to M2 -brane)
Consider D = 11 supergravity with the metric g and 4 -form F in the bosonic sector [44] . Let n = 3 , M 3 be 7 -dimensional (Ricci-flat) manifold with the metric g 3 = g 3 µν dx µ ⊗dx ν of signature (−, +, . . . , +) and M 2 be 2 -dimensional (flat) manifold of signature (+, +) with the metric g 2 = g 2 mn dy m ⊗ dy n and I s = {1, 2} . The solution reads
3)
where H = 1 + 1 2 Q 2 ρ 2 . For flat g 3 this solution was obtained earlier in [8] .
F 3 fluxbrane (corresponding to M5 -brane)
Now we consider the solution dual to F 6 . Let n = 3 , M 3 be 4 -dimensional (Ricciflat) manifold with the metric g 3 = g 3 µν dx µ ⊗ dx ν of signature (−, +, +, +) , and M 2 be 5 -dimensional (Ricci-flat) manifold of signature (+, . . . , +) with the metric g 2 = g 2 mn dy m ⊗ dy n and I s = {1, 2} . The solution reads
where H = 1 + 1 2 Q 2 ρ 2 . For flat g 2 and g 3 see [8] .
5.1.4 F 7, F 6, F 5 and F 1, F 2, F 3 fluxbranes in IIA supergravity
The bosonic part of action for D = 10 IIA supergravity reads
where F a = dA a−1 + δ a 4 A 1 ∧ F 3 is an a -form, a = 2, 3, 4 , and 
Solution for algebra
We put n = 5 , d 2 = 1 , g 2 = dy 2 ⊗ dy 2 , d 3 = 1 , g 3 = dy 3 ⊗ dy 3 , d 4 = 4 and g 4 has the Euclidean signature, d 5 = 3 and g 5 has the signature (−, +, +) , I se = {1, 2, 3} and I sm = {1, 2, 4} . The solution has the following form
where H s = 1 + 1 2 Q 2 s ρ 2 , s = e, m . For flat g i see [8] .
Solutions for algebra
Now we consider a new F 6 ∩ F 3 fluxbrane configuration with (a non-standard) A 2 intersection rules defined on the manifold
where d 2 = 2 , d 3 = 5 , d 4 = 2 . The solution is following
where metrics g 2 and g 3 are (Ricci-flat) metrics of Euclidean signature, g 4 is the (flat) metric of the signature (−, +) and
where P s = 1 2 Q 2 s , s = e, m .
Dyonic flux tube in Kaluza-Klein model
Let us consider 4 -dimensional model
with scalar field ϕ , two-form F = dA and λ = − 3/2 . This model originates after Kaluza-Klein reduction of 5 -dimensional gravity. The 5-dimensional metric in this case reads g (5) = Φg µν dx µ ⊗ dx ν + Φ −2 (dy + A) ⊗ (dy + A),
where For Q m → 0 we get the solution from [2] and for Q e → 0 we are led to its dual version (see [8] ).
Conclusions
Thus, here we obtained a family of fluxbrane solutions with general intersection rules. Here we suggested a conjecture on polynomial structure of H s for intersections related to semisimple Lie algebras. This conjecture is valid for Lie algebras A m and C m+1 , m ≥ 1 , at may be verified with a little modification of the proof for the black brane case [36, 37] .
We obtained explicit formulas for A 1 ⊕ . . . ⊕ A 1 (orthogonal), block-ortogonal and A 2 solutions. These formulas are illustrated by certain examples of solutions in D = 10, 11 supergravities (e.g. with A 2 intersection rules) and Kaluza-Klein dyonic A 2 flux tube. Explicit relations for H s corresponding to other examples of Lie algebras (e.g. A 3 , B 2 etc) will be a subject of further publications. (Another topic of interest is related to supersymmetric composite fluxbranes on product of Ricci-flat manifolds. For M -branes see [46] and references therein).
